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ABSTRACT 
For any two powers of 2, n and q (n ~< q), a set of points is constructed in the De- 
sarguesian plane of order q, with the property of meeting every line ion points or in none. 
In a finite projective plane of order q, any set of k points may be des- 
cribed as a (k; n}-arc, where n is the greatest number of collinear points 
in the set. For given q and n, k can never exceed (n --  1)(q + 1) + 1, and 
an arc with that number of points will be called in this paper a maximalarc. 
Equivalently, a maximal arc may be defined as a set of points meeting 
every line in just n points or in none at all. This is not precisely the sense in 
which the term has been used; in fact, Segre has given [4, p. 196] an appar- 
ently more general definition of an arco massimale, and then proved that 
the only sets covered by this definition are those of two different special 
types, one being the type specified above. 
Barlotti [1] has shown that a necessary condition for the existence of a 
maximal arc (as a proper subset of a given plane) is that n should be a factor 
of q. But the condition is not sufficient; Cossu [2] has proved that, in the 
Desarguesian plane of order 9, there is no {21; 3}-arc. The object of the 
present paper is to show that the condition does suffice in the case of any 
Desarguesian plane of order 2': maximal arcs for which n = 2m; where 
m = 0, 1 .... , r, are quite easy to construct. The cases m = 0, m ---- r are 
trivial; the case when m = 1 is well known, and Cossu [2] has given a 
construction when m = r -- 1: so the first new case is that of a {52; 4}-arc 
in the plane of order 16. 
Let us begin by considering, in the Galois field GF(2 r) with its additive 
group denoted by A, the set of values of a quadratic polynomial 
ax 2 + bx + c; the discussion in Section 80 of Segre's book [3] does not 
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include the exact result we need. Since x -~ x ~ is an automorphism of the 
field, we have of course (whenever a =/= 0) that x --+ ax ~ 4- c is a one-one 
mapping of GF(2 r) onto itself. Suppose, on the other hand, that'a =/= 0 
and b @ 0; let f, f0 be the mappings 
x --+ ax 2 4- bx 4- e, x --~ ax ~ + bx. 
Then f0 is an endomorphism of the group A, since 
a(x + y)2 + b(x § y) ~ (ax 2 § bx) + (ay 2 + by). 
The kernel off0 is {0, b/a}, and so the range fo(A) is a subgroup of index 2 
in A. It follows that f (A )  must be a coset in A of the subgroup (that is, 
either fo(A) itself or its complement). Moreover, any element off(A) will 
be the image under f of just two elements of A. 
PROBLEM. Given two powers of  2, n and q (n. <~ q): to construct, in the 
Desarguesian plane of  order q, a maximal are with n points on a line. 
CONSTRUCTION: Choose an irreducible quadratic form over GF(q), 
say ~(x, y) ~- ax 2 + hxy + by 2, and also a subgroup H, of order n, in 
the additive group A of GF(q). Choose a system of non-homogeneous 
coordinates (x, y) in the given plane. Let 
= {(x, y) / ~(x, y) E B}. 
Then ~ is a maximal arc as required. 
PROOF: The line at infinity does not meet Q; consider any finite line 
g, and let G be the set of values of ~ at all the finite points of g. Suppose 
first that g goes through the origin: then G is the set of values of an expres- 
sion a'x ~ (or a'y2), obtained by substituting y = mx (or x = 0). Since 
4(x, y) is irreducible, a' will never be 0; and so every element of GF(q) 
belongs to G, and occurs at just one point of g. It follows, since n of these 
elements belong to H, that g meets g2 in exactly n points. We observe that 
the origin is the only point at which ~(x, y) = 0. 
Now suppose that g does not go through the origin: then 0 does not 
belong to G. But G is the set of values of a quadratic, obtained by sub- 
stituting y ~ mx + c (or x ---- c); and it follows that G is, in A, the 
complement of a subgroup (G', say) of index 2. It also follows that each 
element of G occurs at just two points of g. Now the subgroups of an 
elementary Abelian group have the lattice structure of linear subspaces of 
a vector space; and so G' either contains H completely, or has exactly 
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89 elements in common with it. That is, G and H either are disjoint or have 
just 89 common elements. Therefore g and ~2 either are disjoint or have 
just n common points, and f2 is a maximal arc as required in the problem. 
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